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Launarity and yli vetors for the Bakward Shift
Réda Choukrallah
Abstrat
This artile gives a desription of invariant subspaes for the bakward shift generated
by vetor valued launary series and by a lass of launary power series in H2(D, X),
(where X is an Hilbert spae). In partiular, we show that these series f in H2(D, X) are
yli vetors if and only if the queue of Taylor oeients {f̂(k), k > N} generates the
whole spae X . Analogues of this result are obtained for some funtions whose spetrum
is a nite union of launary sequenes and in the polydis. In the salar ase H2, we give
a riterion on the Fourier spetrum of the funtion to have yliity for any power of the
bakward shift.
Introdution
H2(D, X) is the Hardy spae of X-valued funtions f that are holomorphi in the dis
D = {ζ : ζ ∈ C , |ζ| < 1} and suh that,
‖f‖2 := sup
0≤r<1
∫
T
‖f(rζ)‖2Xdm(ζ) <∞ ,
where T = {ζ : |ζ| = 1} is the unit irle and m is the normalized Lebesgue measure on T.
We will write H2 for H2(D, C).
The shift operator S and its adjoint S∗ at in H2(D, X) by the formulas,
SXf = zf , S
∗
Xf =
f − f(0)
z
,
where z is the independant variable i.e. the identity mapping of the dis D (or irle T) onto
itself (z(ζ) ≡ ζ). For shortness and when it is lear in whih spaes these operators are ating,
we will write S and S∗ for SX and S
∗
X .
It is well known (see [5]) that H2(D, X) an be desribed as the spae ℓ2a(X) of power series
f(z) =
∑
n≥0
fˆ(n)zn suh that fˆ(n) ∈ X and
∑
n≥0
‖fˆ(n)‖
2
X <∞ and if a funtion g ∈ H
2(D, X)
is represented by the sequene of its Fourier oeients, g = {ĝ(0), ĝ(1), ĝ(2), . . .}, S and S∗
are alled respetively the forward (right)and the bakward (left) shifts,
S{ĝ(0), ĝ(1), ĝ(2), . . .} = {0, ĝ(0), ĝ(1), . . .}.
S∗{ĝ(0), ĝ(1), ĝ(2), . . .} = {ĝ(1), ĝ(2), ĝ(3), . . .}.
Giving a familly of funtions F ⊂ H2(D, X), we onsider the S∗-invariant subspae
EF
def
= span(S∗nf : n ≥ 0, f ∈ F ).
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A familly of funtions F ⊂ H2(D, X) is said to be yli for the bakward shift if
EF = H
2(D, X).
In the ase of a nite dimensional spae X = Cd, the spae H2(D, X) an also be desribed
in others ways: in terms of oordinate funtions, namely, f = (fi)1≤i≤d , fi ∈ H
2
and ‖f‖2 =
d∑
1
‖fi‖
2
and we an represent the shift operateurs as an orthogonal sum of salar shifts,
Sd = S ⊕ . . .⊕ S : H
2
d −→ H
2
d et S
∗
d = S
∗ ⊕ . . .⊕ S∗ : H2d −→ H
2
d ,
where H2d = H
2 ⊕ . . . ⊕H2. Then, the yliity of a vetor-valued funtion f = (fi)1≤i≤d in
H2(D, Cd) means the possibility of "simultaneously approximating" any set (gi)1≤i≤d where
gi ∈ H
2 , 1 ≤ i ≤ d: there is a sequene of omplex polynomial (pn)n≥1 suh that,
lim
n
pn(S
∗)fi = gi , 1 ≤ i ≤ d.
The "Fourier spetrum" (alled also the frequeny spetrum) and for shortness, the spetrum
of the funtion f ∈ H2(D, X) is the set
σ(f) = σF (f) = {k ≥ 0 : fˆ(k) 6= 0}.
A funtion f holomorphi in D is said to be σ-spectrale if σ(f) ⊂ σ and Hadamard launary
power series are funtions of the form;
f(z) =
∞∑
k=1
akz
nk , and such that
nk+1
nk
≥ d > 1 , ∀ k,
(the onstant d is independant on k) then f is σ-spetral and σ is a launary set (in the sense
of Hadamard).
Given a set Λ ⊂ N, we note
H2Λ(D, X) = {f ∈ H
2(D, X) : σ(f) ⊂ Λ}.
∗ ∗
The problem of yliity for an operator T in an Hilbert spae is onneted to the problem
of the existene of non-trivial T -invariant subspaes. More preisely, there exists a none
yli vetor x 6= 0 if and only if there exists a none trivial T -invariant subspae and the
basi motivations for the study of invariant subspaes ome from interest in the struture of
operators and from approximation theory.
This artile deals with the phenomen of yliity for the bakward shift. In the rst part, we
want to give a desription of S∗-invariant subspaes generated by a lass of launary series
and we will study the open problem of the yliity of launary series in H2(D, X) where X
is a separable Hilbert spae. In partiular, we obtain an expliit riterion for the yliity of
launary series whih sequene formed by its Taylor oeients is ompletly relatively ompat
(.r..). As we will see forwards in details, a sequene (xn)n≥1 ⊂ X is said to be .r.. if for
any orthogonal projetions P : X → X, the normalized sequene {Pxn/‖Pxn‖ : Pxn 6= 0}
is relatively ompat. We will see that this lass of sequenes oinides with all the sequenes
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when X is of nite dimension and for every separable spae X, there exists .r.. sequenes
whih generated the whole spae X. In the seond part of this paper, we will see how we
an onnet our results to the salar ase and give a riterion of yliity for any power of
the bakward shift. The third part deals with some partiular series whose spetrum is a
nite union of launary series and in the fourth part we generalize some of our results to the
polydis.
Reall that the rst results of yliity in the salar ase H2 were obtained by R. Douglas,
H. Shapiro and A. Shields in 1970 (see [4]) whih is a referene for the study of yliity of
the bakward shift and soure of inspiration for many autors. In fat, their paper ontains
two approhes onerning the yliity of launary series. The rst approah is based on a
pseudoontinuation and some purely arithmeti properties of the spetrum. By this approah,
they proved that if f(z) =
∞∑
k=0
akz
2k ∈ H2 and if ak 6= 0 for an innity of k then f is yli
for the bakward shift. This approah an be applied to some not so spare spetrum as for
example sets of the form E = {n2 +m2 : n, m ∈ Z} (see [2℄) or also E = {pn : n ∈ N} where
{pn}n∈N is the sequene of prime numbers. On the other hand, it is not lear whether this
method an be applied to some irregular Hadamard launary series.
The seond approah is to work with Taylor oeients and onsider relations between the
spetrum and the approximation ability of the whole spae by linear ombinations of the
trunated queue of Taylors oeients S∗nf(z) =
∑
k≥0
f̂(k + n)zk. This tehnique uses the
following property verify by launary series,
sup
I∈N
card
{
(m, n) ∈ Λ2 : m 6= n, m− n = I
}
<∞.
R. Douglas, H. Shapiro and A. Shields proved that a launary serie whih is not a polynomial
is yli in H2 and E. Abakumov in his paper [1] proved the result under the weaker ondi-
tion that the spetrum is a nite union of launary sets. We also reall the result of A. B.
Aleksandrov [3] who proved that series whose spetrum is innite and inluded in a Λ(1) set
(whih is a more general set than launary sets, nite union of launary sets and even Sidon
sets) are yli.
What an we say about yliity of launary series in the more general Hardy spae H2(D, X)
with values in an Hilbert spae X. The problem of yliity when the dimension of X is nite
was raised by N. K. Nikolskii and V. I. Vasyunin (see [8℄) who introdued a lassiation and
give a study of funtions in H2(D, Cd) aording to their degree of non-yliity to analyse
the phenomen of yliity in the vetor-valued ase. Our approah here is based on the use of
Taylor oeients and the properties on the spetrum of launary series.
1 Launary series
1.1 Completly Relatively ompat sequenes
Denition 1.1 Let X be an Hilbert spae.
A sequene (ak)k≥0 of elements in X is said ompletly relatively ompat (.r..) if for any
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orthogonal projetion P : X → X and η = {k ≥ 0 : Pak 6= 0}, the sequene
(
Pak
‖Pak‖
)
k∈η
is
relatively ompat in X.
Remark : In a nite dimensional spae, every sequene is .r..
In the following Lemma we an see that even in the more general ase of Banah spaes
of innite dimension, there exist sequenes whih generate the whole spae and verifying a
ondition nearly the same as .r.. obtened by replaing the orthogonal projetions by linear
bounded operator.
Lemma 1.1 For any separable Banah spae X, there exists a sequene (ak)k≥0, ak ∈ X suh
that
1) span(ak : k ∈ A) = X for any innite set A ⊂ N.
2) For any bounded linear operator T : X → X,( Tak
‖Tak‖
)
k∈η
, η = {k ≥ 0 : Tak 6= 0}
is relatively ompat in X.
Proof : Let (xk)k≥1 ⊂ X be a normalized sequene suh that span(xk : k ≥ 1) = X and,
ak =
∑
j≥0
λjkxj ;
{ λk ∈ C∗
|λk| < 1, λi 6= λj , i 6= j
lim
k→+∞
λk = 0.
Then ak = f(λk) ∀ k ≥ 1 where f(z) =
∑
j≥1
zjxj is holomorphi in D with values in X .
To prove that the sequene (ak)k∈A generates X , we onsider ϕ ∈ X
∗
suh that,
ϕ(ak) = 0, ∀ k ∈ A.
To show that ϕ is equal to 0 on the whole spae X , we take
ψ : z 7→ ϕ(f(z)) =
∑
j≥1
zjϕ(xj)
a holomorphi funtion suh that,
ψ(λk) = ϕ(f(λk) = ϕ(ak) = 0, ∀ k ∈ A.
Note that the sequene (λj)j≥1 of distint omplex onverges to 0 and is a sequene of zeros for the
funtion ψ whih is holomorphi in the dis then by the priniple of the isolated zeros ψ ≡ 0. Therefore
its Taylor oeients are null and,
ϕ(xj) = 0, ∀ j ≥ 1.
Sine the familly (xj)j≥1 is dense in X then we have ϕ ≡ 0.
We now prove the seond part of the Lemma, let T ∈ L(X) be a bounded linear operator, then
Tak = Tf(λk) = T (
∑
j≥1
λjkxj) =
∑
j≥1
λjkTxj.
If T = 0, the property is obvious. If T 6= 0, there exists j ≥ 1 suh that Txj 6= 0X . Let,
m = min{j : Txj 6= 0}
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and Tak =
∑
j≥m
λjkTxj = λ
m
k Txm +
∑
j>m
λjkTxj = λ
m
k (Txm + o(1)) when k →∞ beause the sequene
(λk)k≥1 onverges to 0. The ontinuity of the norm allows us to have,
‖Tak‖ = |λ
m
k |
(
‖Txm‖+ o(1)
)
, k →∞.
Therefore,
Tak
‖Tak‖
=
λmk (Txm + o(1))
|λmk |
(
‖Txm‖+ o(1)
) , k →∞,
The result follows. (Note that if ∀ k, λk > 0, the sequene
(
Tak
‖Tak‖
)
k≥1
has a limit.) ✷
This deniton of .r.. sequenes will be very usefull to prove ours results in the Hardy spae
H2(D, X) where X is an Hilbert spae, and this denition beause of the previous remark,
ontains all the sequenes in the ase of the nite dimension (dimX <∞). Also Lemma 1.1
shows that in the ase where the dimension of X is innite, the .r.. sequenes are not only
the sequenes who generate nite dimensional subspaes.
1.2 S
∗
-invariant subspaes generated by launary power series and yliity
In this part, we will give a desription in H2(D, X) (where X is an Hilbert spae) of S∗-
invariant subspaes generated by launary series whose sequene of Taylor oeients is .r..
We rst give a neessary ondition of yliity for any familly of funtions F ⊂ H2(D, X)
Lemma 1.2 Let F ⊂ H2(D, X) and EF = span(S
∗nF : n ≥ 0). If F is yli then
X∗(F ) = X,
where X∗(F ) = ∩m≥0span(f̂(k) : k ≥ m, f ∈ F ).
Proof : Suppose X∗(F ) 6= X . Then, there exists m ≥ 0 suh that
Xm := spanX(f̂(k) : k ≥ m, f ∈ F ) 6= X.
For every f ∈ F, S∗mf ∈ H2(D, Xm) then ∀ g ∈ EF , S
∗mg ∈ H2(D, Xm). Therefore, ∀ g ∈ EF we
write g = p+ h, h ∈ H2(D, Xm) with deg(p) ≤ m− 1, and it is lear that EF 6= H
2(D, X). ✷
This Lemma presents a neessary ondition for yliity of a funtion in H2(D, X). In what
follow, we will give the ases where this ondition is suient for launarity. Of ourse,
in the general ase under no ondition on the spetrum σ(f), f ∈ H2(D, X), the assertion
X∗(f) = X is not suient for yliity.
Notation:
Ef = spanH2(D, X)(S
∗nf : n ≥ 0).
X∗(f) =
⋂
n≥0
spanX(f̂(k) : k ≥ n).
X∞(f) = spanX
(
losed subspaes F of X suh thatH2(F ) ⊂ ES∗Nf ∀N ≥ 0
)
.
In what follows and when there will be no possible ambiguity on the onsidered funtion
f , we write X∗ and X∞ respetively for X∗(f) and X∞(f) to simplify the notations. The
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Theorems proved in this setion give us information on the nature of the S∗-invariant subspaes
generated by launary series. Theorem 1.1 shows that these spaes split into two parts, two
supplementary subspaes, one of them is a doubly invariant subspae (whih means that it
is invariant for S and its adjoint S∗) and the other one is a nite dimensional S∗-invariant
subspae generated by a polynomial.
Theorem 1.1 Let X be a separable Hilbert spae and f(z) =
∞∑
k=1
akz
nk ∈ H2(D, X) a lau-
nary series suh that the sequene (ak)k≥1 is .r.., then
Ef = H
2(D, X∗)⊕ Ep
where p is a polynomial and p = f − PX∗f .
Let Λ ⊂ N be a sequene of integers. Reall the notation,
H2Λ(D, X) := {f ∈ H
2(D, X) : σ(f) ⊂ Λ}.
We obtain the following Theorem onerning the yliity of .r.. launary series.
Theorem 1.2 Let X be a separable Hilbert spae, Λ ⊂ N an innite launary set, F a familly
of funtions in H2Λ(D, X) suh that ∀ f ∈ F, (f̂(k))k≥0 is a .r.. sequene in X.
The following statements are equivalents.
(i) spanX(X∗(f) : f ∈ F ) = X.
(ii) F is yli in H2(D, X).
Remark : The impliation (ii)⇒ (i) as we see it before is orret for any familly of funtions
F ⊂ H2(D, X) (see Lemma 1.2).
If the familly F is made by only one funtion, F = {f}, Theorem 1.2 gives this simple riterion
of yliity,
Corollary 1.1 Let f be as in Theorem 1.2,
f is cyclic⇔ X∗(f) = X.
Lemmas 1.3-1.5 below reall some well known fats on sequenes and numerial series that
will help us to prove our results.
Lemma 1.3 If (nk)k≥1 is a launary sequene of non negative integers suh that
nk+1 ≥ d.nk ∀k ≥ 1,
for some d > 1, then there exists a number M suh that for any integer N it annot have more
than M representations on the form N = nj − nk.
Lemma 1.4 Let (bn)n≥1 be a sequene suh that for any n ≥ 0, bn ≥ 0 and
∞∑
n=0
bn <∞.
If (nk)k≥0 is a launary sequene, then
∞∑
k=1
∑
j>k
bnj−nk <∞.
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Lemma 1.5 If bn > 0,
∞∑
n=0
bn <∞ and if rn =
∑
k>n
bk, then
∞∑
n=0
bn
rn
=∞.
First, we need to prove that X∗ = X∞.
Lemma 1.6 Let X be a separable Hilbert spae and f(z) =
∞∑
k=1
ak z
nk ∈ H2(D, X) a launary
series whih is not a polynomial and where the sequene ( ak‖ak‖)k≥1 is relatively ompat.
Then, there exists a non-zero element x ∈ X suh that
H2 ⊗ x ⊂ ES∗Nf ∀ N ≥ 0.
Proof : The proof of this Lemma is an adaptation of the proof given by R. Douglas, H. Shapiro and
A. Shields in their paper (see [4]).
Let
f(z) =
∞∑
k=1
ak z
nk .
For any xed integer N, j ≥ 0, there exists an integer k0 suh that for any k ≥ k0, nk −nk−1 ≥ j+N
(whih is possible sine f is a launary series ). We onsider
1
‖ak‖
S∗nk−N−jS∗Nf =
ak
‖ak‖
zj + zj
∑
l>k
al
‖ak‖
znl−nk .
Take rk =
∑
l>k
al
‖ak‖
znl−nk . We want to prove that any neighbourhood of 0 for the weak topologie
ontains one of the rk. We onsider the neighbourhood on the following form
V =
{
h ∈ H2(D, X) : |(h, hi)| < 1, 1 ≤ i ≤ n
}
.
The funtions hi (i = 1, . . . n) are given elements in H
2(D, X) and hi(z) =
∞∑
k=1
hˆi(k) z
k
. We obtain
|(rk, hi)|
2 ≤
(∑
l>k
∣∣( al
‖ak‖
, hˆi(nl − nk)
)∣∣)2.
≤
(∑
l>k
‖al‖
2
‖ak‖2
)(∑
l>k
‖hˆi(nl − nk)‖
2
)
.
Suppose none of the rk belongs to V , then 1 ≤ max
1≤i≤n
|(rk, hi)| ∀ k ≥ k0. Therefore,
‖ak‖
2∑
l>k
‖al‖
2
≤ max
1≤i≤n
∑
l>k
‖hˆi(nl − nk)‖
2 ≤
n∑
i=1
∑
l>k
‖hˆi(nl − nk)‖
2.
Taking the sum on k, we obtain a ontradition: the left side diverges beause of Lemma 1.5 sine the
right side onverges by Lemma 1.4, and so eah neighbourhood of 0 for the weak topologie ontains one
of the rk. Then there exists a suitable onvergent normalized subsequene (
aki
‖aki‖
)i≥1 (sine (ak)k≥0 is
7
.r..), suh that the limit x is none zero . The sequene (rki )i≥1 does not depend on N neither on j,
and x veries
xzj ∈ ESNf ∀ j ≥ 0, ∀ N ≥ 0.
Finally,
H2 ⊗ x ⊂ ES∗Nf ∀ N ≥ 0.
✷
Now, we are able to prove the rst inlusion
X∞ ⊂ X∗.
(see Corollary 1.3 below). Note that this inlusion, Lemma 1.7, Corollaries 1.2 and 1.3 de-
pend on general properties of S∗-invariant subspaes and not on the launarity of a series in
H2(D, X) or even on the dimension of X.
Lemma 1.7 Let x , y two elements taken in H2(D, X). Then,
y ∈ Ex ⇒ yi ∈ span(xj : j ≥ 0) ∀ i ≥ 0.
Proof : Let x, y ∈ H2(D, X), then
x =
∞∑
i=0
xiz
i , y =
∞∑
i=0
yiz
i,
For any xed i0,
S∗i0y = yi0 +
∑
i>i0
yiz
i−i0 .
Sine y ∈ Ex and this subspae is stable by S
∗
then S∗i0y ∈ Ex therefore there exists a sequene of
omplex polynomials suh that,
S∗i0y = lim
n→∞
pn(S
∗)x = yi0 +
∑
i>i0
yiz
i−i0 .
So,
yi0 = lim
n→∞
[
pn(S
∗)x
]
(0).
Or,
[pn(S
∗)x
]
(0) ∈ span(xj : j ≥ 0).
Finally, we obtain yi0 ∈ span(xj : j ≥ 0 ). ✷
Corollary 1.2 Let f(z) =
∑
j≥1
ajz
nj , y =
∑
i≥1
yiz
i ∈ H2(D, X). Then,
y ∈ ES∗nkf ⇒ yi ∈ span(aj : j ≥ k) ∀ i ≥ 0.
Proof : We take x = S∗nkf in Lemma 1.7. ✷
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Corollary 1.3 Let f, y as in the previous Corollary. Then,
y ∈ H2(D, X∞)⇒ yi ∈ X∗ =
⋂
k≥1
span(aj : j ≥ k) , ∀ i ≥ 0.
Therefore,
X∞ ⊂ X∗.
Proof : By the denition of X∞, H
2(D, X∞) ⊂
⋂
k≥1
ES∗nkf . It sues to apply Corollary 1.2. ✷
The seond step is to prove the inverse inlusion to have the equality X∗ = X∞. For that, we
onsider the following subspae,
A = Ef ⊖H
2(D, X∞).
And the orthogonal projetion PA on A given by
PAf = f − PH2(D,X∞)f.
Lemma 1.8 Let f(z) =
∑
k≥0
akz
nk ∈ H2(D, X) a launary series, then
(i) σ(PAf) ⊂ σ(f).
(ii) PAf is a polynomial.
Proof : Note that,
H2(D, X∞) :=
{
x =
∞∑
k=0
xkz
k
suh that xk ∈ X∞ and
∞∑
k=0
‖xk‖
2 <∞
}
.
In fat, PH2(D, X∞) is a projetion dened by omponants and Px :=
∞∑
k=0
(PX∞xk)z
k
, where PX∞ is
the orthogonal projetion on X∞ in X .
It is lear that if x ∈ H2(D, X∞), Px = x. On the other side, if x ∈ H
2(D, X∞)
⊥ = H2(D, X⊥∞),
then Px = 0 and,
P = PH2(D, X∞).
We write,
(PH2(D, X∞)f)(z) =
∞∑
k=1
(PX∞ak)z
nk .
whih give (i). To prove (ii), suppose PAf is not a polynomial and denote that
PAf ∈ Ef ,
beause PAf = f − PH2(D, X∞)f and by the denition of X∞, we have H
2(D, X∞) ⊂ Ef . To simplify
the notations, we take
y =
∞∑
k=0
ykz
k = PAf =
∞∑
k=1
(P(X∞)⊥ak)z
nk ,
9
where ynk = P(X∞)⊥ak ∈ X
⊥
∞.
Aording to what is previous, PAf is a launary series and the sequene (ak)k≥0 is .r.. then( ynk
‖ynk‖
)
k≥0
is relatively ompat and sine we suppose that it is not a polynomial, PAf veries Lemma
1.6 and,
∃ x 6= 0, (‖x‖ = 1) and x⊗H2 ⊂ span(S∗kPAf : k ≥ N), ∀ N ≥ 0.
x ∈ X⊥∞ beause x is the limit of a subsequene
( ynki
‖ynki
‖
)
i≥1
∈ E⊥∞ and
x⊗H2 ⊂
⋂
N≥0
span(S∗ky : k ≥ N) ⊂
⋂
N≥0
ES∗Nf .
The seond inlusion is based on the fat that
y = PAf ∈ Ef .
Then S∗ky = S∗kPAf ∈ ES∗kf ∀ k ≥ 0. and sine x⊗H
2 ⊂
⋂
N≥0
ES∗Nf , we have
x⊗H2 ⊂ H2(D, X∞),
Beause by denition, X∞ is the maximal subspae suh that H
2(D, X∞) ⊂ ES∗Nf ∀ N ≥ 0. Then,
x ∈ X∞.
Or, we saw before that
x ∈ X⊥∞.
Therefore, x = 0 whih is absurd and PAf is a polynomial. ✷
Proposition 1.1 Let X be a separable Hilbert spae, f ∈ H2Λ(D, X), where Λ is a launary
sequene and (f̂(k))k≥0 a .r.. sequene. Then,
X∗ = X∞.
Proof : The inlusion X∞ ⊂ X∗ was proved in Corollary 1.3. To prove the inverse inlusion, we write
f = PAf + PH2(D, X∞)f.
Let d be the degree of the polynomial PAf , then for any k ≥ d+ 1,
S∗kf = S∗kPH2(D, X∞)f ⊂ H
2(D, X∞).
And,
S∗(d+1)f =
∑
k>d
akz
nk−d−1 ∈ H2(D, X∞).
Then,
ak ∈ X∞ ∀ k > d.
Therefore,
X∗ =
⋂
n≥0
span(ak : k ≥ n) ⊂ span(ak : k > d) ⊂ X∞.
✷
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Aording to Proposition 1.1 and sine
X∗ = X∞.
We obtain,
H2(D, X∗) ⊂ Ef ⊂ H
2(D, X).
Proof of Theorem 1.1 : If f is a polynomial, the proof is immediate. If f is not a polynomial, we
know from what follows that
f = PH2(D, X∞)f + p,
where p is a polynomial. By Proposition 1.1,
X∞ = X∗.
Reall that by denition,
H2(D, X∞) ⊂ Ef .
We have to show the double inlusion to prove the equality in the Theorem.
It is lear that if p ∈ Ef then Ep ⊂ Ef , and on the other hand H
2(D, X∞) ⊂ Ef therefore,
H2(D, X∗)⊕ Ep ⊂ Ef .
Conversely, we have S∗nf = S∗nPH2(D, X∞)f + S
∗np ∀n ≥ 0 and sine H2(D, X∞) is stable by S
∗
,
S∗nf ⊂ H2(D, X∗)⊕ Ep ∀n ≥ 0.
And so the inverse inlusion, and the wanted equality Ef = H
2(D, X∗)⊕ Ep. ✷
Remark : Conerning the degree of the polynomial p, we observe sine X∞ = X∗, that there
exists a minimal number N(f) suh that
X∞ = span(ak : k ≥ N(f)).
Moreover, p = f − PH2(D, X∞)f and then, deg(p) = N(f)− 1.
Proof of Theorem 1.2 : Lemma 1.2 gives the impliation (ii) ⇒ (i). To prove that (i) ⇒ (ii), we
have for any f ∈ F ,
Ef = H
2(D, X∗(f))⊕ Ep,
where p is a polynomial. This imply that
H2(D, X∗(f)) ⊂ EF ,
for any f ∈ F and then,
EF ⊃ span(H
2(D, X∗(f)) : f ∈ F ) = H
2(span(X∗(f) : f ∈ F )) = H
2(D, X).
Therefore, F is yli. ✷
Remark : To end this part, it is also interesting to see that we an onstrut by this method
yli series in H2(D, X) where X is of innite dimension. Let (nk)k≥0 be a launary sequene
of non-negative integers, (en)n≥0 be a base of X and take f(z) =
∑
k≥1
akz
nk
where ak =
(2k)−
1
2 ej and j omes from the deomposition of k suh that k = 2
k0 + j for some integers k0
and j with 0 ≤ j ≤ 2k0+1 − 2k0 − 1.
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Using nearly the same approah as E. Abakumov for the ase where the spetrum is a nite
union of launary sequenes (see [[1℄, p.283℄) by taking
g =
∑
1≤i≤N
Ri
‖ai‖
Snif∑
1≤i≤N
Ri
with Rk =
‖ak‖
2∑
j>k
‖aj‖
2
and sine we have for any xed j,∑
k≥0
R2k+j =
∑
k≥1
‖a2k+j‖
2∑
p>2k+j
‖ap‖
2
=
∑
k≥0
1
22k+j∑
p>2k+j
1
2p
=
∑
k≥1
1 =∞.
Then by following the same steps it is easy to prove that H2ej ∈ Ef ∀ j ≥ 0. And f is yli.
1.3 S∗-invariant subspaes generated by a polynomial
In this part, we want to give a dierent araterization of the subspae Ep whih appears in
Theorem 1.1.
Theorem 1.3 Let F ⊂ H2(D, X) a losed subspae. The following statements are equivalent.
i) There exists a polynomial p ∈ H2(D, X) of degree N suh that F = Ep.
ii) dimF = N + 1 and F = KΘ = H
2(D, X)⊖ ΘH2(D, X), where Θ is an inner matriial
polynomial of the form Θ =
x
N+1∏
k=1
(
Pk
⊥ + zPk
)
, with dimKerΘ(0)∗ = 1 and Pk : X 7→ X
are orthogonal projetions.
Moreover, the statement dimKerΘ(0)∗ = 1 is equivalent to
∃xN+1 ∈ X suh that ‖xN+1‖ = 1, PN+1 = 〈 . ;xN+1〉xN+1 and ∀ k = 1, . . . , N,
∃xk ∈ (1− Pk+1) . . . (1− PN+1)X suh that ‖xk‖ = 1 and Pk = 〈 . , xk〉xk.
Proof : Suppose that F = Ep = span(S
∗np : n ≥ 0) and p is a polynomial of degree N , it is lear
that {S∗np}Ni=0 is a base for F and dimEp = N + 1. S
∗Ep ⊂ Ep and we take T = S
∗|Ep . Sine Ep is
S∗-invariant, it an be represented under the following anonial form
Ep = H
2(D, X)⊖ΘH2(D, X),
Θ is an inner matriial funtion (z 7→ Θ(z), Θ(ζ) : X 7→ X is unitary |ζ| = 1).
We use the fatorization of Blashke-Potapov,
Θ = V.B. S,
where V is unitary, S is the singular part and B is the following nite Blashke produt,
B =
x
N+1∏
k=1
(
Pk
⊥ + bλkPk
)
,
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where bλk are the usual fators of Blashke produt and Pk : X 7→ X are the orthogonal projetions.
Moreover, σ(T ) = {λk, 1 ≤ k ≤ N + 1}.
In this ase, we an have the following redutions; sine dimEp <∞ then aording to Treil Lemma
whih is a vetoriel version of Kroneker Theorem (see [10℄), Θ(z) is rational. Then the singular part
of the fatorization is trivial and S = 1. We have, σ(T ) = {0} beause TN+1 ≡ 0 so 0 is the only
eigenvalue and bλk = z ∀ k then B an be written in the simple way,
B =
x
N+1∏
k=1
(
Pk
⊥ + zPk
)
.
We now prove that dimKer T = 1. We know that Ker TN+1 = Ep and Ker T
N 6= Ep. If k ≤ N
then dimKer T k+1 ≥ dimKer T k + 1 or else Ker T k = KerT k+1 = . . . = KerTN+1 = Ep but
KerTN 6= Ep and so the ontradition. For k ≤ N , we have dimKer T
k+1 ≥ dimKer T + k and
if k = N then dimKer TN+1 = N + 1 ≥ N + dimKer T whih leads to dimKer T ≤ 1. But
dimKer T 6= 0 or else Ep = Ker T
N+1 = {0} whih is impossible. Then dimKer T = 1.
In order to show that dimKerΘ(0)∗ = 1, and aording to the fat that we an write
Ker(S∗ − λI)|Kθ =
{ e
1− λz
: e ∈ KerΘ(λ)∗
}
,
(see [6]), if we take λ = 0, Ker T = Ker S∗|KΘ = KerΘ(0)
∗
, then
dimKer T = dimKerΘ(0)∗ = 1.
Conversely, if Θ is a produt of the form (ii) and T = S∗|KΘ then using the same argument as before
σ(T ) = {0}. Moreover, using the fat that if any operator T is ating in a nite dimensional spae
then this operator T is yli if and only if dimKer(T − λI) ≤ 1 ∀ λ ∈ C (see [7]) and it proves that
our operator T is yli sine Ker T = KerΘ(0)∗ is of dimension 1. And there exists p ∈ KΘ suh
that
KΘ = span(S
∗np : n ≥ 0).
Sine σ(T ) = {0} and dimKΘ = N + 1, it is lear that T
N+1 = 0, then S∗N+1p = 0 and p is a
polynomial with deg p ≤ N . The degree is equal to N beause dimKΘ = N + 1.
We know prove the last statment of the Theorem.
Let Θ be a Blashke-Potapov produt then Θ = V.B and,
Θ(0) = V.B(0) = V
x
N+1∏
k=1
(
1− Pk
)
.
Also,
Θ(0)∗ =
y
N+1∏
k=1
(
1− Pk
)
.V ∗ = (1 − P1) · · · (1− PN+1)V
∗.
So, KerΘ(0)∗ ⊃ Ker (1 − PN+1)V
∗
or dimKerΘ(0)∗ = 1 then dimKer (1− PN+1)V
∗ = 1.
And sine V is a unitary fator then dimKer (1− PN+1) = 1 i.e. Rank PN+1 = 1. Therefore,
dimKerΘ(0)∗ = 1⇔ Rank PN+1 = 1 and Ker (1− P1) . . . (1 − PN )|(1−PN+1)X = {0}.
Taking a look at the projetions Pk of Θ, we have seen that Rank PN+1 = 1 then there exists xN+1 ∈ X
suh that ‖xN+1‖ = 1 and PN+1 = 〈 . ;xN+1〉xN+1.
Sine (1−P1) . . . (1−PN )|(1−PN+1)X is injetive then Ker (1−PN )∩xN+1
⊥ = {0} and Rank PN ≤ 1
and there exists xN ∈ X suh that ‖xN‖ = 1 ; PN = (., xN )xN and xN /∈ xN+1
⊥
.
By the same way, (1− PN−1)(1 − PN )|(1−PN+1)X is injetive and,
PN−1X ∩ (1− PN )(1− PN+1)X = {0}.
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Therefore there exists xN−1 ∈ X suh that ‖xN−1‖ = 1 ; PN−1 = (., xN−1)xN−1 and xN−1 /∈ (1 −
PN )xN+1
⊥
. By iteration, we obtain
∀ k = 1, . . .N, Pk = (., xk)xk; ‖xk‖ = 1, xk ∈ (1− Pk+1) . . . (1− PN+1)X.
It is easy to see that this proof is reversible and this property araterizes the produts Θ partiipating
in (ii). ✷
1.4 Launary series and yliity for any power of the bakward shift S
∗
in H2
Lemma 1.9 Let X be a separable Hilbert spae, N ∈ N∗ and,
f ∈ H2(D, X), F ∈ H2(D, XN ), f(z) =
∑
k≥0
f̂(k)zk, F (z) =
∑
k≥0
F̂ (k)zk,
where XN = X×. . .×X (N times) and F̂ (k) =
(
f̂(Nk); f̂(Nk+1); . . . ; f̂(Nk+N−1)
)
∈ XN .
The following statements are equivalent.
i) f is S∗N -yli in H2(D, X).
ii) F is S∗-yli in H2(D, XN ).
Proof :
We onsider,
Ψ : H2(D, X) −→ H2(D, XN )
f 7−→ Ψ(f)(z) =
∑
k≥0
F̂ (k)zk, avec F̂ (k) =
 f̂(Nk)..
.
f̂(Nk +N − 1)
 .
Ψ is an isometri isomorphism and we have the following ommutatif diagram,
H2(D, X)
S∗NX
//
Ψ
 ''O
O
O
O
O
O
O
O
O
O
O
H2(D, X)
Ψ

H2(D, XN )
S∗
XN
// H2(D, XN)
Aording to this diagram,
S∗XNΨ = ΨS
∗N
X .
Indeed, let f ∈ H2(D, X) and g(z) =
∑
k≥N
f̂(k)zk−N . Then,
ΨS∗NX f = Ψ(
∑
k≥N
f̂(k)zk−N ) = Ψ(g) =
∑
m≥0
Ĝ(m)zm = S∗XNF (z) = S
∗
XNΨ(f),
beause Ĝ(m) =
(
ĝ(Nm), . . . , ĝ(N(m+ 1)− 1)
)
=
(
f̂(N(m+ 1), . . . , ĝ(N(m+ 2)− 1)
)
∀ m ≥ 0.
Sine S∗
XN
Ψ = ΨS∗NX then ∀ k ≥ 0, , S
∗k
XN
Ψ = ΨS∗NkX and for any omplex polynomial p,
p(S∗XN )Ψ(f) = Ψp(S
∗N
X ).
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If f is yli for S∗NX in H
2(D, X) then Ψ(f) is yli for S∗
XN
in H2(D, XN ) and onversely. ✷
This onnetion between yliity of the operators S∗
XN
and S∗NX gives us a riterion to have
launary series yli for any power of the bakward shift operator S∗ in H2.
Theorem 1.4 Let N ∈ N∗ and f ∈ H2Λ(D, X), where Λ is a launary set of non negative
integers and (f̂(k))k≥0 a .r.. sequene in X. The following statements are equivalent:
(i) f is S∗N -yli in H2(D, X).
(ii) span
((
f̂(Nk); f̂(Nk + 1); . . . ; f̂(Nk +N − 1)
)
: ∀ k ≥ m
)
= XN ∀ m ≥ 0.
Proof : The funtion f an be written on the form
f(z) =
∑
k≥1
f̂(k)znk ,
with f̂(k) 6= 0 and
nk+1
nk
≥ d > 1, ∀ k ≥ 1.
We take for any k ≥ 1,
nk = Npk + qk,
where 0 ≤ qk ≤ N − 1. Let
Â(k) =
(
f̂(Npk); f̂(Npk + 1); . . . ; f̂(Npk +N − 1)
)
.
It is easy to verify that
Ak 6= 0 ∀ k ≥ 1.
The funtion F (z) =
∑
k≥1
Akz
pk
is a launary series H2(D, XN) beause
d <
nk+1
nk
=
Npk+1 + qk+1
Npk + qk
≤
Npk+1 +N
Npk
=
pk+1
pk
+
1
pk
.
Therefore, for any k0 enough bigger to have
1
pk
< d−12 , k ≥ k0, we will have
pk+1
pk
>
d+ 1
2
> 1, k ≥ k0.
And applying Theorem 1.2, we obtain that F is yli if and only if statement (ii) is satised. Lemma
1.9 nishes the proof. ✷
This previous Lemma is very interesting beause we an now onstrut launary series in
H2 whih are yli for any xed power of the bakward shift S∗ by giving a neessary and
suient ondition on the Tayor oeients of the onsidered funtion but an also desribe
the spetrum of S∗N -yli launary series in H2.
Corollary 1.4 Let N ∈ N∗ be a xed non negative integer and f(z) =
∑
k≥1
akz
nk ∈ H2 a
launary series. Suppose that for any k ≥ 0, ak 6= 0. The following statements are equivalents:
(i) f is S∗N -yli.
(ii) ∀ m ≥ 0, ∀ i = 0, . . . , N − 1, ∃ k, nk ≥ m : nk ≡ i (modN).
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Proof : The riterion on Taylors oeients in Theorem 1.4 to have yliity for launary series is
realised beause of the nature of the spetrum σ(f). Indeed, if nk ≡ i (modN) then F̂ (k) = akei
where (ei)
N−1
i=0 is a standard base of C
N
. ✷
Remark : It is also possible to onstrut a launary series f(z) =
∑
k≥1
akz
nk ∈ H2 whih is
S∗N -yli for any N ∈ N∗. It sues for that to onsider the launary sequene,
nk = (k + 1)! + k.
For any xed integer N > 0, and for any integer m, the trunqued sequene (nk)k≥m meets all
lasses modulo N and that guarantees the yliity aording to Theorem 1.2.
Denition 1.2 Let N be a nonzero integer, cyc (S∗N ) is the set of yli funtions in H2 for
the operator S∗N and for a given funtion f ∈ H2, we onsider the following set
A(f)
def
= {N ∈ N∗ : f ∈ cyc(S∗N )}.
We want to study the nature of A(f) and for that we need a well-known Theorem in number
Theory very useful in this situation. It is the Theorem of simultaneous ongruenes also alled
the "Chinese Theorem",
Theorem 1.5 Let n1, n2, . . . , nk be some prime numbers suh that eah of them is prime
with any of the others and a1, a2, . . . , ak are any integers, then there exists a unique integer
r suh that,
r ≡ ai (modni), 1 ≤ i ≤ k et 0 ≤ r ≤
k∏
i=1
ni − 1.
We give the following araterization of A(f).
Lemma 1.10 Let A ⊂ N∗ and 1 ∈ A, these assertions are equivalents:
(i) N ∈ A, m | N ⇒ m ∈ A.
(ii) There exists f ∈ H2 suh that A = A(f).
Proof :
(ii)⇒ (i) : It is easy to show that if f ∈ cyc (S∗N) and if m | N then f ∈ cyc (S∗m).
(i)⇒ (ii)) : Let (pi)i≥1 be the sequene of prime numbers. For every prime number p, we onsider
αp = max{α ≥ 0 : ∃ a ∈ A : p
α|a},
and observe that 0 ≤ αp ≤ ∞.
We take for any n ≥ 1,
an =
n∏
i=1
pi
inf(n, αpi ),
We also onsider for any n ≥ 0, the nite set Bn of prime numbers in {pi}i=1,...n whih are not dividing
an. We an apply now the Theorem on simultaneous ongruenes. We dened the following sequene,
nk = (k + 1)! + rk ∀ k ≥ 1,
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where for any k ≥ 1, rk = k (modak) and rk = 0 (mod b) ∀ b ∈ Bk. This sequene is launary beause
nk+1
nk
=
(k + 2)! + rk+1
(k + 1)! + rk
≥
(k + 2)!
(k + 1)! + (k + 1)!
≥ (k + 2)
(k + 1)!
2(k + 1)!
≥
k + 2
2
, ∀ k ≥ 1,
and has the partiularity that even trunqued from any nite number of it rst terms, it takes all lasses
modulo eah number of A. Indeed, let a ∈ A, for n enough bigger a|an sine this one ontains the
deomposition in prime numbers of a and f is S∗an -yli beause the sequene rn takes all lasses of
an then f is S
∗a
-yli sine a divides an.
We want to prove that f is not S∗a-yli if a 6∈ A. Sine a 6∈ A, then aording to property (i) in
the statement of the Lemma, there exists a prime number b | a and b ∈ Bn if n is enough bigger. The
sequene rn lays on the lass 0 (mod b) when n is enough bigger then f is not S
∗b
-yli and therefore
is not S∗a-ylique beause b divides a. ✷
2 Constrution of yli series whose spetrum is a nite union
of launary sequenes
In this part, we ombinate our approah with the study given by N. K. Nikolski and V.
I. Vasyunin [8] and use some tools they introdue to give a method for onstruting yli
funtions f in H2(D, X) with dimX = d <∞ and whose spetrum σ(f) = Λ is a nite union
of launary sequenes.
We give here the denition of the degree of ylity of a funtion and some results whih are
helpfull for us to give the onstrution we propose here to do.
Denition 2.1 Suppose that F ⊂ H2(D, X), and dimX = d <∞.
The degree of yliity of the subspae F is dened to be the number
dc(F ) = coDim[H2(D, X)⊖EF ]
def
= d−max
ζ∈D
dim{g(ζ) : g ∈ H2(D, X)⊖ EF }.
If s is an integer then let
Cs = C
X
s
def
= {F : F ⊂ H2(D, X), dc(F ) ≤ s}.
Corollary 2.1 [8] Let F and G be subspaes of H2(D, X).
i) If F ⊂ G, then dc(F ) ≤ dc(G).
ii) dc(F +G) ≤ dc(F ) + dc(G).
iii) If EF = H
2(D, X)⊖ΘFH
2(D, X) is the anonial representation of the spae EF , then
dc(F +G) = dc(F ) + dc(P+Θ
∗
FG).
Theorem 2.1 [8] Let ψ =
{
ψi
}
1≤i≤d
∈ H2(Cd). The following assertions are equivalent:
i) ψ is a yli vetor in H2(D,Cd).
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ii) For any yli vetor φ in H2(D, Cd−1), there exists an index i (1 ≤ i ≤ d) suh that the
vetor
(
φ
ψi
)
is yli in H2(Cd).
In the salar ase H2, as we mentioned it before, E. Abakumov proved that funtions whose
spetrum is a nite union of launary sequenes are yli. We will give some onstrutions
of yli vetor-valued funtions whose spetrum is a nite union of launary sequenes.
Here, we give a Theorem on the existene of yli funtions for the bakward shift inH2(D, X)
with dimX < ∞ and whose oordinate funtions are launary series in H2 and with the
possibility to hoose this launarity for eah one of them.
Theorem 2.2 Let Λj ⊂ N, i = 1, . . . , d arbitrary launary sequenes. There exists a yli
funtion ψ =
{
ψi
}
1≤i≤d
∈ H2(D, Cd) suh that σ(ψi) = Λi, 1 ≤ i ≤ d.
Proof : We onsider ∀ i, 1 ≤ i ≤ d any innite launary sets Λi of N.
We take F1 = ψ1 and σ(ψ1) = Λ1 whih is yli in H
2
aording to the Theorem of Douglas-Shapiro-
Shields.
Let Ψ2 =
(
ψ2, 1
ψ2, 2
)
where σ(ψ2, i) = Λ2, i = 1, 2. Ψ2 is yli if the riterion of Theorem 1.2 is verify i.e.
span
((ψ̂2, 1(k)
ψ̂2,2(k)
)
: k ≥ N
)
= C2, ∀ N ≥ 0.
This ondition is easily realised for some onvenient oeients. Sine both of the funtions F1 and
Ψ2 are yli we an apply Theorem 2.1. Therefore, there exists ψ2 = ψ2, j for some index j ∈ {1; 2}
suh that the funtion F2 =
(
ψ1
ψ2
)
is yli in H2(D, C2).
In the same way, we an onsider the previous yli funtion F2 and
Ψ3 =
 ψ3, 1ψ3, 2
ψ3, 3
 ,
where ∀ i ∈ {1, 2, 3}, σ(ψ3, i) = Λ3 is suh that,
span
( ψ̂3, 1(k)ψ̂3, 2(k)
ψ̂3, 3(k)
 : k ≥ N) = C3 ∀ N ≥ 0.
This last ondition is easily realised with appropriate oeients. We apply again Theorem 2.1 whih
gives the existene of ψ3 = ψ3, j for some index j ∈ {1, 2, 3} suh that the funtion
F3 =
 ψ1ψ2
ψ3

is yli in H2(D, C3) with σ(ψi) = Λi, 1 ≤ i ≤ 3. By iteration, we obtain a yli funtion Ψ ={
ψi
}
1≤i≤d
in H2(Cd) and its oordinate funtions ψi are launary series in H
2
wiht spetrum in Λi.
✷
We want in this part to extend Theorem 1.2 for some partiular ases of funtions inH2(D, Xd)
whose oordinate funtions are launary series with dierent spetrum. We start by giving a
general Lemma without any ondition on the spetrum of the given funtions.
Lemma 2.1 Let X be a separable Hilbert spae and f ∈ H2(D, Xd),
The following statements are equivalent:
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i) f =

f1
f2
.
.
.
fd
 is yli.
ii) ∀ϑi ∈ H
∞, ϑi 6≡ 0, i = 1, . . . d,

P+(ϑ1f1)
P+(ϑ2f2)
.
.
.
P+(ϑdfd)
 is yli.
iii) ∃ϑi ∈ H
∞, ϑi 6≡ 0, i = 1, . . . d,

P+(ϑ1f1)
P+(ϑ2f2)
.
.
.
P+(ϑdfd)
 is yli.
Proof : Sine ii)⇒ iii) is trivial, we rst prove that i)⇒ ii) and then iii)⇒ i).
i)⇒ ii). ∀ ϑi ∈ H
∞ ϑi 6≡ 0, i = 1, . . . d, we dene the operator D by,
D : H2(D, Xd) −→ H2(D, Xd)
g 7−→ D(g) =

P+(ϑ1g1)
P+(ϑ2f2)
.
.
.
P+(ϑdgd)
 .
We have to show that DH2(D, Xd) is dense in H2(D, Xd) and it sues to prove that
KerD∗ = {0}.
To dene D∗, we look at the salar produt,
〈Dh; g〉 =
d∑
i=1
〈P+(ϑihi); gi〉 =
d∑
i=1
〈hi;ϑigi〉 = 〈h;
d∑
i=1
ϑigi〉 = 〈h;D
∗g〉 ∀g, h ∈ H2(D, Xd).
We obtain,
D∗g =

ϑ1g1
ϑ2g2
.
.
.
ϑdgd
 ∀ g ∈ H2(D, Xd).
If D∗g = 0, then ϑigi = 0 ∀ i = 1, . . . d. But ϑi 6= 0 ∀ i = 1, . . . d.
Therefore, g1 = . . . = gd = 0 and g =

g1
g2
.
.
.
gd
 = 0.
And so D is dense in H2(D, Xd). Moreover, for every n ≥ 0,
S∗nDf = DS∗nf.
If f is a yli funtion in H2(D, Xd), then
EDf = span(S
∗nDf : n ≥ 0) ⊃ D(span(S∗nf : n ≥ 0)) = DEf .
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But Ef = H
2(D, Xd) and EDf is losed then,
EDf = H
2(D, Xd).
We verify that iii)⇒ i). Let ϑi ∈ H
∞, ϑi 6= 0 and f ∈ H
2(D, Xd) suh that Df is yli.
We take,
θ = ϑ1ϑ2 . . . ϑd.
And for every i = 1, . . . d,
θi = ϑ1 . . .
∨
ϑi . . . ϑd.
Suppose that,

P+(ϑ1f1)
P+(ϑ2f2)
.
.
.
P+(ϑdfd)
 is yli.
If we onsider the previous appliation D dened with the funtions θ1, . . . , θd and using the already
proved impliation i)⇒ ii), then the funtion
D

P+(ϑ1f1)
P+(ϑ2f2)
.
.
.
P+(ϑdfd)
 = P+θ

f1
f2
.
.
.
fd
 = P+θf
is yli. By approximating θ by its Fejér polynomials φn, we obtain ‖φn‖∞ ≤ ‖θ‖∞ and φn(ζ)→ θ(ζ)
a.e. ζ ∈ T whih leads to
lim
n→+∞
‖φn(S
∗)f − P+θf‖2 = 0.
Then P+θf ∈ Ef and so Ef = H
2(D, Xd). ✷
Theorem 2.3 Let X be a separable Hilbert spae and Λ an innite launary set. Choose
{m1, m2, . . . , md} ⊂ Z some xed integers.
And let,
f = (fi)1≤i≤d ∈ H
2(D, Xd),
where σ(fi) ⊂ Λ+mi. Suppose that the sequene
(f̂1(k +m1), f̂2(k +m2), . . . , f̂d(k +md)))k≥0
is .r.. in Xd, then
f cyclic⇔ span
(
f̂1(k +m1)
f̂2(k +m2)
.
.
.
f̂n(k +md)
 : k ≥ N) = Xd ∀ N ≥ 0.
Proof : We use the riterion of yliity from Theorem 1.2 for launary series in H2(D, Xd). We
suppose, without loss of generality that σ(fd) = Λ = {nk}k≥1 et m1 ≥ m2 ≥ · · · ≥ md = 0.
It is a diret appliation of Lemma 2.1 whih gives the equivalene. Take ϑi = z
mi, i = 1, . . . d. Then,
Df =

S∗m1f1
S∗m2f2
.
.
.
S∗mdfd

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is a launary series beause the spetrum of eah oordinate funtion is inluded in Λ. Moreover,
D̂f(k) = (f̂i(k +mi))
d
i=1, ∀ k ≥ 0.
The appliation of Theorem 1.2 and Lemma 2.1 nish the proof. ✷
Example: Let (nk)k≥1 be a launary sequene of Hadamard and f ∈ H
2(D, C2) suh that,
f(z) =
∑
k≥1
(
ak
0
)
znk +
∑
k≥1
(
0
bk
)
znk+1.
Aording to the previous Proposition, if ∀ m ≥ 1,
span(
(
ak
bk
)
: k ≥ m) = C2,
then f is yli.
It is well known among properties of yli vetors in H2 the following fat
f ∈ C, g ∈ N ⇒ f + g ∈ C. (∗)
In general, this is not true in the spae H2(D, X) where X is a separable Hilbert spae as we
an see in the following trivial example: If we onsider in H2(D, C2) a yli funtion of the
form
f =
(
f1
f2
)
,
and the funtion g,
g =
(
−f1
0
)
.
Then, dc(f) = 2, dc(g) = 1 and the sum,
f + g =
(
0
f2
)
is not yli and so f ∈ C, g ∈ N ; f + g ∈ C. ✷
In the ase of vetor-valued spaes H2(D, Cd), and using the degree of yliity of a fun-
tion f ∈ H2(D, Cn), it is possible to save a part of the previous impliation (∗). For example
if f, g ∈ H2(D, Cd) are suh that f ∈ C (then dc(f) = d) and g ∈ N with dc(g) = 0 then
f + g ∈ C.
We an see this fat as a diret onsequene of (iii) in the Corollary 2.1.
We will desribe some pair of funtions {f, g} ⊂ H2(D, Cd), f yli and g non-yli with
dc(g) = 1, suh that f + g is yli. The following Proposition allows us to onstrut yli
funtions in H2(D, C2) whose spetrum is a nite union of the form (nk)k≥1 ∪ (nk + 1)k≥1
where (nk)k≥1 is launary sequene.
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Proposition 2.1 Let (nk)k≥1 be a launary sequene of Hadamard.
ϕ1 =
(
f1
g1
)
, ϕ2 =
(
f2
g2
)
two funtions in H2(D, C2) suh that σ(f1), σ(g1) ⊂ (nk)k≥1
and σ(f2), σ(g2) ⊂ (nk + 1)k≥1. Suppose that dc(ϕ1) = 2 and dc(ϕ2) = 1 and the following
ondition fullled
span(
 f̂1(k)ĝ1(k)
ĝ2(k − 1)
 : k ≥ m) = C3, ∀ m ≥ 1.
Then ϕ1 + ϕ2 is yli.
We omit the proof here beause it is nearly the same as the following one we give for the next
Proposition 2.2 with minors hangements.
Remark: We an generalize this Proposition in H2(D, Cd) to series of the form f =
r∑
k=1
ϕk
where σ(ϕi) ⊂ (nk + i)k≥1, i = 1, . . . r and dc(ϕ1) = d, dc(ϕi) = 1 for i = 2, . . . r for any
d, r ≥ 1. Note that if d = 1, the Proposition is true beause of the result proved by E. Abaku-
mov on the yliity of funtions whose spetrum is a nite union of launary sequenes.
We an see by the following example that the riterion of Theorem 1.2 does not work for
funtions in H2(D, Cd) whose spetrum is nite union of launary sequenes with bounded
bloks. The next Proposition (as Theorem 2.3) is a partial answer by giving a suient on-
dition of yliity for these funtions.
Example:
F =
(
f
S∗f
)
∈ H2(D, C2).
The spetrum of this funtion is the union of two launary sequenes with bounded bloks of
length two and it is lear that the riterion of Theorem 1.2 is realised beause for every m ≥ 0,
span(F̂ (k) : k ≥ m) = span
(( f̂(k)
0
)
;
(
0
f̂(k)
)
: k ≥ m
)
= C2.
But it is easy to see that F is not yli.
Proposition 2.2 Let r, d ≥ 1 two xed integers and ϕ =
r∑
k=1
ϕk ∈ H
2(D, Cd),
where σ(ϕi) ⊂ (nk + i− 1)k≥1, i = 1, . . . r. Suppose that for every m ≥ 0,
span(

ϕ̂1(k)
ϕ̂2(k + 1)
.
.
.
ϕ̂r(k + r − 1)
 : k ≥ m) = Cd×r.
Then ϕ is yli.
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Proof : We take in H2(D, Cd×r) the following subspaes,
F = span

ϕ1 + ϕ2 + ϕ3 + . . .+ ϕr
0
.
.
.
0
 , G = span
(
ϕ2
−ϕ2
0
.
.
.
0
 ;

ϕ3
0
−ϕ3
0
.
.
.
0

; . . . ;

ϕr
0
.
.
.
0
−ϕr

)
.
Using the equation of Corollary 2.1 and the fat that dc(P+Θ
∗
FG) ≤ dc(G) (it is a onsequene of DC
Lemma in [8]) and beause G is generated by r − 1 funtions of degree d, we obtain
dc(G) ≤ (r − 1)d.
Moreover, if we suppose that dc(F ) < d then dc(F +G) < rd. On the other hand,
ϕ1
ϕ2
.
.
.
ϕd
 ∈ F +G.
This funtion is yli in H2(D, Cd×r) aording to the ondition given in the Proposition and beause
of Theorem 2.3, then dc(F +G) = d× r. This ontradition shows that in fat ϕ is yli. ✷
3 Launary series with bounded bloks
We want here to nd a riterion of yliity whih is also available for some type of fun-
tions who generalize launary series. The following Lemma and Proposition an be regard as
preparatories for suh a desription.
Denition 3.1 Let X be a separable Hilbert spae, f ∈ H2(D, X) has the bounded blok
launary property if there exists N ∈ N suh that
ΨN (f)
def
=
∑
k≥0
Ψ̂N (f)(k)z
k,
where Ψ̂N (f)(k) =
 f̂(Nk)..
.
f̂(Nk +N − 1)
 ∈ XN and σ(ΨN (f)) is a launary sequene.
Examples :
(i) The sequene (ak)k≥0 where a ∈ N \ {0, 1} has the launary bounded blok property.
(ii) The sequene mk = k! + k has not the launary bounded bloks property. This example
also shows that this property is not onneted to the speed of growth of the sequene.
(iii) The sequene ∪k≥1[nk, nk+N ] where (nk)k≥1 is a launary sequene has not the property
in general.
23
We give a riterion of yliity for series with the property of launary bounded bloks.
Lemma 3.1 Let F be a familly of funtions in H2(D, X). The following statements are
equivalents.
1. F is yli in H2(D, X).
2. The familly {ΨN (F ), ΨN (S
∗F ), . . . , ΨN (S
∗N−1F )} is yli in H2(D, XN ).
Proof : It sues to see that from one hand ΨN is a isometri ismorphism from H
2(D, X) to
H2(D, XN) and on the other hand any integer k an be writen with the eulidian division k = pkN+qk,
where 0 ≤ qk ≤ N − 1 and therefore,
ΨN (S
∗k
X F ) = S
∗pk
XN
ΨN(S
∗qkf).
✷
Proposition 3.1 Let N be an integer and F ∈ H2(D, X) a nite familly of funtions suh
that ∀ f ∈ F , the sequene (f̂(k)k≥0 is .r.. and ΨN (f) has the launary bounded bloks
property. The following assertions are equivalent:
1. F is yli in H2(D, X).
2. X∗(Φ) = X
N
where Φ = {ΨN (F ), ΨN (S
∗F ), . . . , ΨN (S
∗N−1F )}.
Proof : It is a onsequene of Lemma 3.1 and Theorem 1.2. ✷
In this part, we want to solve the problem of yliity for series whose spetrum is inluded
in innite sets of the form
Λ = ∪k≥0[nk;nk +N ],
where (nk)k≥0 is a launary sequene and N a xed integer.
We take suh a series f and we give the onstrution of an S-invariant subspae F ⊂ Ef whih
play the role of the subspae H2(D, X∗) in Theorem 1.1. At this time, we an not prove that
F is S∗-invariant (and in general it is not the ase), but we still think that the nal riterion
depends diretly on the nature of F . Here is the onstrution.
Lemma 3.2 Let X be a separable Hilbert spae and
f(z) =
∑
k≥1
Pk(z)z
nk ∈ H2(D, X),
where Pk are polynomials of degree less or equal to N and (nk)k≥1 is a launary sequene.
Suppose that the sequene
(
Pk
‖Pk‖
)
k≥1
is relatively ompat in PN (X).
Then, there exists a non zero polynomial P, deg P ≤ N with values in X suh that
H2 ⊗ P ⊂ ES∗nf ∀ n ≥ 0.
We omit the proof whih is losed to the one we give in Lemma 1.6 and it is lear from it that
deg(P ) ≤ N . We all PN (X), the set of polynomials whose degree is less or equal to N and
with values in X.
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Corollary 3.1 Let f as in Lemma 3.2. Then there exists a losed subspae L ⊂ PN (X) suh
that
(a) L 6= {0}.
(b) F := H2 ⊗ L ⊂
⋂
k≥0
ES∗kf ⊂ Ef .
() If g ∈ PN (X) et H
2 ⊗ g ⊂ Ef , then g ∈ L (L is maximal).
Proof : Indeed, by denition, H2 ⊗ L = closH2(D, X)
{∑
hjpj : hj ∈ H
2, pj ∈ L
}
.
Then, if Lα, α ∈ A, satised the statement (b), then it is true for spanH2(D, X)(Lα : α ∈ A). The rest
are diret onsequenes of Lemma 3.2. ✷
The following Theorem gives the others properties of the subspae F = H2 ⊗ L dened in
Corollary 3.1 whih are onneted to the possible yliity of f .
Theorem 3.1 Let X be a separable Hilbert spae and
f(z) =
∑
k≥1
Pk(z)z
nk ∈ H2(D, X),
where Pk are the polynomials with degree less or equal to N and (nk)k≥1 a launary sequene.
Suppose that the sequene (Pk)k≥1 is .r.. in PN (X). Let F = H
2 ⊗ L, the subspae in
Corollary 3.1. Then,
(i) SF ⊂ F ⊂
⋂
k≥0
ES∗kf ⊂ Ef .
(ii) f = g + p where g ∈ F and p is a polynomial.
(iii)
⋂
k≥0
ES∗kf = clos(F + S
∗L+ . . .+ S∗NL) and there exists d ≥ 0 suh that
S∗df ∈ clos(F + S∗L+ . . . + S∗NL) =
⋂
k≥0
ES∗kf .
In partiular,
S∗dEf = clos(F + S
∗L+ . . .+ S∗NL).
(iv) If dimX < ∞ then the neessary and suient ondition to have f yli is for L to
have the maximal rank in X, i.e.
dimX = r := max
|z|<1
dim(p(z) : p ∈ L).
Proof : It is lear that we have (i).
(ii) By denition, f =
∑
k≥1
znkPk, with deg(Pk) ≤ N . On the other hand, every onvergent sum on the
form g =
∑
k≥1
znkQk, where Qk ∈ L is in F = H
2 ⊗L. In partiular, it is the ase for the series g with
Qk = PL(Pk). Then, p := f − g ∈ Ef and p =
∑
k≥1
znkPL⊥(Pk) where L
⊥ = PN (X)⊖ L.
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Lemma 3.2 an be apply to the series p instead of f . If p is not a polynomial, we obtain a polynomial
R 6= 0, R ∈ PN(X)⊖ L suh that H
2 ⊗R ⊂
⋂
k≥0
ES∗kf ⊂ Ef . The ontradition (with Corollary 3.1)
shows p is a polynomial. By taking g =
∑
k≥1
znkPL(Pk) ∈ H
2 ⊗ L and f = g + p, we obtain the result.
(iii) By denition,
H2 ⊗ L = closH2(D, X)
{∑
cjz
jpj : pj ∈ L
}
,
(The sums are nite). On the other hand, for every sum A =
∑
j≥0
cjz
jpj ∈ H
2⊗L and for every k ≥ 0,
we have
S∗kA =
∑
0≤j<k
cjS
∗(k−j)pj +
∑
j≥k
cjz
j−kpj ∈ F + S
∗L+ . . .+ S∗NL.
(Note that S∗kL = {0} for k > N). Then,
EH2⊗L ⊂ clos(F + S
∗L+ . . .+ S∗NL) ⊂
⋂
k≥0
ES∗kf .
(For the last inlusion:
⋂
k≥0
ES∗kf is a losed S
∗
-invariant subspae and F, L ⊂
⋂
k≥0
ES∗kf .
Aording to (ii), f − p ∈ F = H2⊗L where p is a polynomial. Then there exists d ≥ 0 suh that for
every k ≥ d, we have
S∗kf ∈ S∗d(H2 ⊗ L) ⊂ clos(F + S∗L+ . . .+ S∗NL).
This leads to ⋂
k≥0
ES∗kf ⊂ clos(F + S
∗L+ . . .+ S∗NL),
and then holds the equality in (iii).
(iv) Observe rst that in the ase where dimX < ∞, the subspae F has the nite o-dimension in
Ef (see the formula in (iii) of the Theorem). Suppose now that Ef = H
2(D, X). Then, H2 ⊗ L
is a S-invariant subspae in H2(D, X) of nite o-dimension. It is easy to see that suh a subspae
has the maximal loal rank (for example, we an use the representation of Lax-Halmos whih gives
F = H2⊗L = BH2(D, X ′) (where B is a produt of Blashke-Potapov). But, sine F = H2⊗L, the
loal rank of F , i.e.
r := max
|z|<1
dim(f(z) : f ∈ F ),
is equal to the loal rank of L. Then, r = dimX .
Conversely, suppose that r = dimX . The subspae F ⊂ H2(D, X) is S-invariant and then has the
anonial representation of Lax-Halmos, F = ΘH2(D, X ′), where X ′ ⊂ X and Θ is a left inner
funtion. Sine the loal rank of F oinides with the loal rank of L and using the Hypothesis,
r = dimX , we have
dimX = r = dim (Θ(z)H2(D, X ′)) ≤ dimX ′ ≤ dimX.
Then, X = X ′ and,
det(Θ)H2(D, X) ⊂ ΘH2(D, X) ⊂ Ef .
But θ = det(Θ) is a salar inner funtion and the S∗-invariant subspae generated by θH2(D, X)
oinides with H2(D, X). If φn are the Fejér polynomials of θ, we have
lim
n→∞
‖P+φnθf − f‖2 = lim
n→∞
‖φn(S
∗)θf − f‖2 = 0,
for every f ∈ H2(D, X) and therefore, Ef = H
2(D, X). ✷
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Remark : If dimX < ∞, the subspae H2 ⊗ L has the nite o-dimension in Ef and it
seems very possible to have a ertain riterion of yliity in H2(D, X) of launary series with
bounded bloks.
We dedue the following Corollary,
Corollary 3.2 Let f as in Theorem 3.1.
(i) If X = C, then f is yli.
(ii) If dimX < ∞, then H2 ⊗ L is a subspae of Ef with the nite o-dimension (≤ (N +
1). dimX).
(iii) If dimL = (N + 1). dimX, then L = PN (X), and then f is yli.
(iv) We have, L ⊂
⋂
n≥1
spanX(Pk : k ≥ n) and
⋂
n≥1
spanX(Pk(z) : |z| < 1, k ≥ n) =
⋂
n≥1
spanX(P̂k(j) : 0 ≤ j ≤ N, k ≥ n).
(v) If
⋂
n≥1
spanX(Pk : k ≥ n) 6= PN (X), or
⋂
n≥1
spanX(P̂k(j) : 0 ≤ j ≤ N, k ≥ n) 6= X, then
f is not yli in H2(D, X).
Example: Let X = C2, Pk = ak(e1 + ze2), ak 6= 0,
∑
k≥0
|ak|
2 < ∞ où ej , j = 1, 2 is the
standard base of C2. Then, N = 1, L = {λP1 : λ ∈ C}, the loal rank of L is 1 and⋂
n≥1
spanX(Pk : k ≥ n) 6= P1(C
2). the funtion f , of ourse, is not yli (see Theorem 2.3).
4 The ase of the polydis
In this setion, we work with H2 spaes on the polydis Dn and onsider multiparameter
bakward shifts. By denition,
H2(Dn) = {f(z) =
∑
α≥0
f̂(α)zα,
∑
α≥0
|f̂(α)|2 <∞},
where z = (z1, . . . , zn) ∈ D
n, α = (α1, . . . , αn) ∈ Z
n
+ is a multi-index and z
α = zα11 . . . z
αn
n the
elementary monomial in Dn. We refer to [9] for any supplementary information on the spaes
H2(Dn). We have L2(Zn+) = l
2(Zn+) ≡ H
2(Dn).
We dene the multiparameter semi-group (S∗α)α∈Zn
+
suh that for any power series f(z) =∑
α≥0
f̂(α)zα in Dn, we have
S∗αf(z) =
∑
β≥0
f̂(α+ β)zβ .
The semi-group (S∗α)α∈Zn
+
has n generators S∗1 , . . . , S
∗
n.
It is lear that f ∈ H2(Dn)⇒ S∗αf ∈ H2(Dn) and ‖S∗αf‖2 ≤ ‖f‖2. Let σ(f) be the (Fourier)
spetrum of f ,
σ(f) = {α ∈ Zn+ : f̂(α) 6= 0}.
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We dene the spae H2 on Dn with values in a separable Hilbert spae X by
H2(Dn, X) := {f(z) =
∑
α≥0
f̂(α)zα suh that f̂(α) ∈ X and
∑
α≥0
‖f̂(α)‖2X <∞}.
As before, we also dene,
Ef = spanH2(Dn,X){S
∗α : α ∈ Zn+}.
And f is said yli if Ef = H
2(Dn, X).
The goal of this part is to nd an analogue of the main result of the rst part of this paper.
We study the ase of funtions f ∈ H2(Dn, X) whose spetrum is rare in the following sense.
(C1) There exists a onstant C suh that,
card{(α, α′) ⊂ σ(f)× σ(f), α 6= α′ : β = α− α′} ≤ C, ∀ β ∈ Zn+
.
(C2) lim
j→∞
(αj+1, k − αj, k) =∞, ∀ k, 1 ≤ k ≤ n.
Remark: It is obvious that if for a sequene (αj)j≥1 ⊂ Z
n
+, one of his omponant sequene
(αj, k)j∈Zn
+
, 1 ≤ k ≤ n is a launary sequene in the sense of Hadamard, then the statement
(C1) is satised.
Lemma 4.1 Let X a separable Hilbert spae.
For any series f ∈ H2(Dn, X) satisfying (C1), (C2) above and if (f̂(k))k≥0 is a relatively
ompat sequene, there exists a non-zero element x ∈ X suh that
H2(Dn, X)⊗ x ⊂ ES∗βf ∀ β ∈ Z
n
+.
Proof : Let β = (β1, . . . , βn) ∈ Z
n
+ be xed and f ∈ H
2(Dn, X) verifying the previous statements.
Aording to (C2), f an be written
f(z) =
∑
k≥0
f̂(αk)z
αk ,
Using (C2), there exists an integer k0 suh that
αk − αk−1 ≥ β, ∀ k ≥ k0.
And for any k ≥ k0,
Sαk−β
‖αk‖
f(z) =
f̂(αk)
‖f̂(αk)‖
zβ + zβ
∑
j>k
f̂(αj)
‖f̂(αk)‖
zαj−αk .
We take rk =
∑
j>k
f̂(αj)
‖f̂(αk)‖
z
αj−αk
1 and using the same method as in Lemma 1.6 with some minor
hangements we prove that,
zβx ∈ Ef ∀ β ∈ Z
n
+.
By the same way, we show that zβx ∈ ES∗αf ∀ α, β ∈ Z
n
+ and H
2(Dn, X)⊗ x ⊂ ESαf ∀ α ∈ Z
n
+. ✷
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Theorem 4.1 Let X be a separable Hilbert spae.
And f ∈ H2(Dn, X), f(z) =
∑
k≥0
f̂(αk)z
αk
suh that σ(f) is satisfying statements (C1), (C2)
and (f̂(αk))k≥0 is .r.. The following assertions are equivalents.
1) f is yli for S∗ in H2(Dn, X).
2) span(f̂(αj) : j ≥ k) = X ∀ k ≥ 0.
Proof : The study we give in the rst part of this artile with the spae H2(D, X) where X is a
separable Hilbert spae and the tehniques developped an be used for the spae H2(Dn, X) sine
Lemma 4.1 is fullled. ✷
Lemma 4.2 [1] Let 1 ≤ p < ∞, and let Ω be a S∗-invariant subspae of ℓpa (i.e., if f ∈ Ω
then S∗f ∈ Ω). Suppose that the inlusion 1 ∈ span(S∗kf, k ≥ 0) holds for any f ∈ Ω. Then
all elements of Ω are yli vetors in ℓpa.
In the ase X ≡ C, we an easily prove the yliity of f , it is possible with Lemma 4.1 to
have 1 ∈ span(S∗αf, α ∈ Z2+) beause it is possible to divide by x in the salar ase. To
onlude, we need to give a generalization of the previous Lemma for the spae H2(Dn, X).
If we onsider S∗α = S∗α11 . . . S
∗α2
n ∀ α = (α1, . . . , α2) ∈ Z
n
+, it sues to use the same indu-
tion argument done by E. Abakumov in Lemma 4.2 but in H2(Dn) and in the following way;
η = (η1, . . . , ηn) ∈ Z
n
+ is xed and we suppose that z
β ∈ span(S∗αf, α ∈ Zn+) ∀ β < η then
zη ∈ span(S∗αf, α ∈ Zn+).
Remark : It is interesting to see that in Theorem 4.1, it is possible to take series f(z) =∑
k≥0
f̂(αk)z
αk
in the spae H2(Dn, X) whose Fourier spetrum is a set of the form
αk = (m
1
k, . . . , m
n
k),
where (mjk)k≥1 are any launary sequenes for j = 1, . . . n. 
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